The concept of a general four-circle diffractometer has been realised by introducing axial misalignments into mathematical formulae describing the diffractometer geometry. The advantage of using the described diffractometer formalism for routine measurements is discussed. Transformations of the setting angles of the re¯ections between different diffractometers, as well as the propagation of errors arising from the misalignment of axes, are taken into account.
Introduction
Highly coherent X-ray beams available at synchrotron sources, with divergences often below 0.01 , offer the potential to improve the accuracy of diffractometric measurements. However, in the ®eld of single-crystal diffractometric studies, such advantages of a synchrotron beam may be limited to some extent by the precision of the mechanical alignment of the goniometer axes. In principle, the diffractometer axes should comply with an ideal model. For example, if all angles of a normal-beam equatorial diffractometer are at the zero positions, then the 9 and 3 axes of the Eulerian cradle should be collinear, the 1 axis should be perpendicular to these axes, the 3 and 9 axes should be collinear with the shaft, and the incident beam should be collinear with the 1 axis and perpendicular to the 9, 3 and axes (Arndt & Willis, 1966) . Any deviations from these conditions will introduce bias into the measurements, because this ideal model is assumed in the mathematical formalism used for calculations of the crystal orientation and for operating the diffractometer (Busing & Levy, 1967) . No matter how much effort is put into aligning the mechanical parts of a diffractometer and into aligning the diffractometer with respect to the primary beam, there is always a limit of precision which will leave the ®nal experiment setup with a number of misalignments. In the case of most routine diffractometric studies, these effects are much smaller than the required accuracy, or are signi®cantly smaller than other factors limiting the accuracy of the measurements. This, for example, is the case in laboratory studies using graphite-monochromated beams, with divergence of about 0.3 (Katrusiak & Ryan, 1988) . However, even in these laboratory studies, the inevitable diffractometric misalignments add to the other errors in the results. Other sources of errors may result, for example, from errors in the crystal centring (Dera & Katrusiak, 1999a) or from instabilities of the goniometer heads (Katrusiak, 1999) , the latter being particularly signi®cant when heavy furnaces, cryostats or high-pressure cells are used.
Recently, models of diffractometers allowing misalignments of the axes 9 and (Dera & Katrusiak, 1998) , and of the axes 9, 3 and (Dera & Katrusiak, 1999a) , have been presented. Here we present a general model of the four-circle diffractometer with no restrictions concerning the orientation of its axes or the incident beam. Thus, the primary beam is allowed to be out of the detector plane, i.e. the beam is not perpendicular to the axis. This model is equivalent to the concept of the general diffractometer presented by Thomas (1990) , but we have obtained all the exact analytic solutions for positioning the crystal. These solutions of the general diffractometer equations explicitly include the offsets between axes. The procedures for transforming setting angles between different diffractometers allow one to plan an experiment on a virtual ideal diffractometer, for example on an ideal Eulerian normal-beam equatorial diffractometer, while the software will account for misalignments of the axes and of the beam as a result of the mechanical hardware. The procedures, apart from increasing the accuracy of the diffractometric measurements, can substantially reduce the cost of X-ray diffractometers, as no angular adjustment of the axes will be necessary, and can considerably reduce the effort necessary for aligning the diffractometer at the beams.
Nomenclature
Within this work the following conventions have been assumed.
The names of the diffractometer axes are represented by Greek letters, e.g. 3.
The names of the axial versors (vectors of unit length and direction parallel to the axis) are represented by bold characters, e.g. g.
The names of all the scalars are represented by italic characters, e.g. g.
The names of all the rotation angles as well as parameters de®ning angular relations between diffractometer axes are represented by Greek letters, e.g. .
The names of matrices are represented by italic capital letters, e.g. R. A matrix describing rotation about axis g by angle g is denoted R(g, g).
A matrix describing rotation about the kth axis of the laboratory coordinate system (-dependent) by angle g is denoted R k (g).
A matrix describing rotation about the goniometer axis by angle g is denoted by the symbol of the axis in the subscript, e.g. R 3 (g).
A subscript or superscript i refers to the laboratory invariant (-independent) coordinate system.
Four-circle equatorial diffractometer
The simpli®ed general normal-beam equatorial four-circle diffractometer G(, ) can be explicitly de®ned by two angles: angle , between axes and $ (for the Eulerian cradle, $ = 1 and = 90
; for the kappa cradle, $ = and 9 50 ); and angle between axes and 9 (Dera & Katrusiak, 1998) . Another two angles, and , describing the offset between 3 and , de®ne the general normal-beam equatorial four-circle diffractometer G(, , , ) (Dera & Katrusiak, 1999a) . The normal-beam condition requires the incident beam to be perpendicular to the axis. This constraint can be released by allowing the incident beam to be inclined by angle 4 to the equatorial plane of the detector. Then the zero position can be rede®ned to coincide with the projection of the incident beam onto the detector equatorial plane, as shown in Fig. 1 .
Thus the fully general four-circle equatorial diffractometer can be de®ned by ®ve angles: G(, , , , 4). In this geometry, the diffraction plane does not coincide with the equatorial detector plane and varies with the changes of . Angles , , , and 4 will be referred to as diffractometer parameters.
Reference system for goniometer rotation
Goniometer rotation operators R(g i , a) are usually de®ned in the invariant laboratory reference system (Dera & Katrusiak, 1998) . For a G(, , , , 4) diffractometer, the reference system attached to the diffraction plane is not invariant because it changes with . Therefore two reference systems are required. System {e j }, attached to the diffraction plane, can be de®ned using the following vectors: e 1 , along the incident beam and pointing towards the source; e 3 , normal to the actual diffraction plane (note that the orientation of the diffraction plane is different for +2 and À2); and e 2 , orthogonal to the former pair. The invariant {e The choice of basis vectors and the relationship between the invariant and -dependent systems are presented in Fig. 2 . It should be noted that the orientation of system {e j } with respect to {e i j } depends only on the detector position and is independent of the goniometer rotations. For constructing the goniometer rotation operators, the formalism described for G(, , , ) diffractometers will be adopted (Dera & Katrusiak, 1999a) .
First it is required that both axes 9 $ and $ lie in the e 1 e 3 plane. As any detector rotation can move these vectors from their position, it is necessary to rede®ne the zero positions of 3 $ and $ to be -dependent. Thus, any change requires the determination of the new diffractometer parameters (), (), () and (), as well as the new cradle axes zeroes 3 0 $ () and $ 0 (). To ®nd matrix R , relating {e i j } to {e j }, where {e j } depends on , it is necessary to write the components of vectors {e j } in the basis of system {e
where the matrix R H 1 , describing rotation about e 1 in the {e i j } coordinate system, has the form
and the angle of rotation about e 1 , necessary to de®ne e 3 in such a way that the diffracted beam is contained in the e 1 e 2 plane, is de®ned as Figure 1 Schematic drawing of the general G(, , , , 4) diffractometer. Angles , , and are de®ned as for the G(, , , ) diffractometer (Dera & Katrusiak, 1999a) , and 4 describes the angle between the incident beam and the diffraction plane. If the intersection of the e 1 e i This equation can be also expressed in the expanded form Matrix R depends on and on 4, but as 4 does not change during the experiment, it has been omitted from the subscript in the matrix symbol.
h-dependent operators of goniometer rotations
In {e When T 0, these vectors can be described in {e j } as
This new form of axial vector x 4 is ®nal and will not be affected by any further goniometer rotation [using 3 $ , $ or 9 $ rotations, but will be changed according to equation (8) where function Ang(x, y) has been de®ned by Dera & Katrusiak (1998) . The operator of rotation about axis x $ is
The new zero of 3 $ can be obtained from
After the rede®nition of 3 0 $ , the 9 $ and $ change again to the forms
The equation de®ning the zero of $ is analogous to the 3 $ equation:
The ®nal -dependent form of the $-associated geometry parameter is arccosn HH Á e 3 Y 15 and the $-axis rotation matrix has the form
Analogously, the ®nal form of the axial vector u 4 is
with associated geometry parameter
and axial rotation operator
6. The h rotation
In the general diffractometer, the detector rotation is not equivalent to the double Bragg angle (equal to the angle between the incident and diffracted beams). The most convenient way to describe the relation between the detector angle and the Bragg angle B is to use the invariant reference system {e This equation can be rewritten by using explicitly the diffractometer parameter 4:
After simpli®cation it becomes cos2 cos2 B a cos 4X 22
Standard diffractometric procedures for a non-equatorial diffractometer
The formalism of the general diffractometer presented above can be straightforwardly applied to routine procedures. One example is the procedure of peak positioning, applying the G(, , , , 4) cradle rotations to the sample crystal. Any standard positioning mode of different diffractometers can be applied (Dera & Katrusiak, 1998) . In the case of the G(, , , , 4) diffractometer, the procedure is as follows.
(a) Calculate the detector angle using equation (22).
(b) Determine the -dependent diffractometer parameters corresponding to the current detector position, using equations (9), (10), (15) and (18). (c) Use the setting-angle transformation procedures for a G(, , , ) diffractometer (Dera & Katrusiak, 1999a) , with the geometry parameters calculated in step (b).
Another diffractometric procedure performs a 2 rotation for the peak that has been already centred with the diffractometer parameters corresponding to the detector position. Then, because 2 rotation does not require any detector movement, the same diffractometer parameters can be used for ®nding the appropriate cradle rotations.
The procedure most signi®cantly affected by the distortion from normal-beam geometry is the scan. In the normal-beam equatorial diffractometer with the 3 axis normal to the diffraction plane, the rotation of the crystal about the 3 axis alone (3 scan), or simultaneously with the detector movement (3±2 scan), does not divert the scattering vector from the diffraction plane. In the G(, , , ) diffractometers, an 3 scan requires that the deviations of the scattering vector be corrected at each 3 step, but the simultaneous movement does not contribute to this deviation. The 3 scan is performed identically by diffractometers G (, , , , 4) and G(, , , ) , but the scan requires that two effects be accounted for. The ®rst effect is caused by the 3 rotation, as in the G(, , , ) case, and the other arises from the change of diffraction plane caused by the detector movement. The procedures for correcting the out-of-diffraction-plane displacements of the scattering vector can be straightforwardly obtained by applying steps (a), (b) and (c) above.
Positioning errors in misaligned diffractometers
The formalism developed for describing general diffractometers G(, , , , 4) provides a means to analyse errors arising from diffractometer misalignments. In any experiment using a diffractometer, even with only slightly misaligned axes, and run by a computer program that neglects the misalignments, some errors in determining reciprocal-vector coordinates arise. The errors are generated when the goniometer angles, determined by peak centring, are applied for computing the goniometer rotation matrix and the coordinates of the scattering vector. Errors are then transmitted to the least-squares re®nement of the orientation matrix and the unit-cell parameters. The affected orientation matrix makes further peak positioning and intensity measurements less precise.
The estimation of the above errors can be given by the angle between the true and assumed scattering vectors, calculated on the basis of measured goniometer angles by using the ideal and real goniometer rotations. This disagreement angle, denoted Á, can be calculated for a G(, , , ) diffractometer according to
23 Figure 3 The dependence of Á ( ) on $ and 2 when the only misalignment parameter is = 90.1 of the Eulerian cradle.
where R a is the goniometer rotation matrix according to the assumed ideal model, and R t is the goniometer rotation matrix according to the model that describes true misalignments. Angle 4 would considerably complicate equation (23), as the diffraction plane does not coincide with the plane normal to e 3 . If 4 T 0 , then, apart from the error in positioning a scattering vector, also the vector length is affected according to equation (22) . To estimate the magnitude of the disagreement angle Á (according to the above de®nition, Á is always positive, as we are interested in the magnitude of the error rather than its sign), it is convenient to consider the general diffractometer G (, , , ) , with the assumption that only one of the misalignments , or differs from 0 , and from 90 for angle of the Eulerian goniometer. According to such a simpli®cation, the maximum possible value of Á is two times larger than the misalignment. However, this maximum can be reached only under certain circumstances, i.e. when the rotated vector lies in the plane of the ideal and misaligned axes. In general, the value of Á depends on the misalignment parameter (linearly for small misalignments), on the value of the angle of rotation about the misaligned axis and on the angle. As the orientation of distinct goniometer axes and their allowed misalignments differ, the dependence of the disagreement angle on its arguments is also different. Only for angles and is this relation identical, as they describe misalignments in the same direction of the axes that are ideally collinear.
Figs. 3, 4 and 5 present plots of the dependence of Á on diffractometric angles. If the scattering vector in the diffracting position does not lie in the plane formed by the assumed and the true axes, then Á is smaller than the two misalignments and two maxima appear. When more than one axis is misaligned, the Á function becomes more complex and the errors arising from the different axes contribute to the ®nal disagreement. The dependence of Á ( ) on 3 and 2 when the only misalignment parameter is = 0.1 .
Figure 4
The dependence of Á ( ) on 9 and 2 when the only misalignment parameter is = 0.1 or = 0.1 .
Conclusions
We have demonstrated that the concept of a general diffractometer offers a new quality in diffractometric studies. Most importantly, the formalism of the diffractometer eliminates the effects of unavoidable misalignments of the axes in the mechanical hardware and, in this way, increases the accuracy of the experimental data, both the lattice dimensions and the intensity data. It has been shown that the misalignment of axes introduces bias errors in the data, even when small standard uncertainties are obtained, and may be the cause of non-reproducible results recorded at different laboratories. Such differences disappear when the misalignments of the axes are accounted for. Additionally, an increase of the precision of transformations between different geometries of diffractometers can be obtained. Thus, control of diffractometer operation can be achieved by choosing any convenient geometry or positioning procedure, without any loss of positioning precision arising from inadequate transformations. The general diffractometer, G(, , , , 4), has unrestricted directions of the axes, which should signi®cantly facilitate diffractometer manufacture. In any diffractometer, the axes should intersect at one point with the beam, which is usually realised within a so-called`sphere of confusion' of about 10±30 mm in diameter. In the general diffractometer, all the effort can be directed towards reducing the`confusion' of the axes, as their directions would not require any mechanical adjustments. This should further increase the accuracy of the experiment, particularly when ef®cient procedures for centring the crystals are applied (Hamilton, 1974; King & Finger, 1979; Dera & Katrusiak, 1999b) .
